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Abstract
Turbulent flows under transcritical conditions are present in regenerative cooling systems of rocker engines
and extraction processes in chemical engineering. The turbulent flows and the corresponding heat transfer
phenomena in these complex processes are still not well understood experimentally and numerically. The
objective of this work is to investigate the turbulent flows under transcritical conditions using DNS of
turbulent channel flows. A fully compressible solver is used in conjunction with a Peng-Robinson real-fluid
equation of state to describe the transcritical flows. A channel flow with two isothermal walls is simulated
with one heated and one cooled boundary layers. The grid resolution adopted in this study is slightly finer
than that required for DNS of incompressible channel flows. The simulations are conducted using both
fully (FC) and quasi-conservative (QC) schemes to assess their performance for transcritical wall-bounded
flows. The instantaneous flows and the statistics are analyzed and compared with the canonical theories.
It is found that results from both FC and QC schemes qualitatively agree well with noticeable difference
near the top heated wall, where spurious oscillations in velocity can be observed. Using the DNS data, we
then examine the usefulness of Townsend attached eddy hypothesis in the context of flows at transcritical
conditions. It is shown that the streamwise energy spectrum exhibits the inverse wavenumber scaling and
that the streamwise velocity structure function follows a logarithmic scaling, thus providing support to the
attached eddy model at transcritical conditions.
1. Introduction
Transcritical turbulent flows are present in regenerative cooling systems of rocker engines where a cryo-
genic fuel in a supercritical state flows through wall-embedded channels to absorb the heat from combustion
chamber. Supercritical fluids are also used as coolants in nuclear reactors [1]. In chemical engineering, super-
critical fluids are commonly used for extraction processes and a recent review paper is given by Brunner [2].
At elevated pressures, the mixture properties exhibit liquid-like densities and gas-like diffusivities, and the
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surface tension and enthalpy of vaporization approach zero [3]. This phenomenon was shown by recent
experimental studies [4, 5, 6]. Large thermo-transport gradients are present under transcritical conditions
when the fluid goes through the pseudo-boiling process [6, 7, 8, 9, 10]. Specifically, the density ratio between
the dense liquid and the light gaseous fluid can be on the order of O(100). A local peak of the specific heat
is present across the pseudo-boiling point which resembles the subcritical phase change phenomenon. The
large thermodynamic variations along with transport anomalies alter the classical behaviors of turbulent
flows and the corresponding heat transfer processes. However, turbulent flows in these complex processes
under transcritical conditions are still not well understood experimentally and numerically.
Several previous studies use direct numerical simulations (DNS) for the study of transcritical turbu-
lent flows. Fully compressible DNS of turbulent shear layers with supercritical fluids are investigated by
Miller et al. [11, 12] and Okong’o and Bellan [13]. Bae et al. [14, 15] used a low-Mach solver to study the
turbulent heat transfer of CO2 at supercritical pressure flowing in heated vertical tubes at several different
Reynolds numbers and operating conditions. The heat transfer of supercritical flows under similar configu-
rations are investigated by Nemati et al. [16, 17] and Peeters et al. [17]. The effect of temperature dependent
density and viscosity on turbulence in channel flows are investigated theoretically and numerically to assess
the validity of the semi-local scaling by Patel et al. [18]. Kawai et al. [19, 20] used a fully compressible
solver to conduct a DNS of zero-pressure-gradient heated transcritical turbulent boundary layers on a flat
plate at supercritical pressure conditions. Kim et al. [21] carried out turbulent channel flow simulations of
supercritical R-134a using Peng-Robinson equation of state to describe the thermodynamics.
To study transcritical flows numerically, diffuse-interface methods have been widely used and different
numerical schemes have been adopted [22, 23, 24, 25, 26, 19, 27, 28, 29, 30]. Traditionally, fully conservative
(FC) schemes have been used for transcritical flows. However, several groups reported numerical difficulties
or even failures with FC schemes in conjunction with a real-fluid state equation, due to the occurrence of
spurious pressure oscillations [22, 25, 26, 27]. This has motivated the development of quasi-conservative
(QC) schemes for transcritical flows. Schmitt et al. [22, 23] added a correction term in the energy equation
by connecting the artificial dissipation terms in the mass, momentum, and energy conservation equations and
setting the pressure differential to zero. Since the correction term is not in flux form, the scheme is not strictly
energy-conservative. Terashima, Kawai and coworkers [24, 19] solved a transport equation for pressure
instead of the total energy equation in their finite difference solver so that the pressure equilibrium across
contact interfaces is maintained. Pantano et al. [28] formulated a numerical scheme for transcritical contact
and shock problems, which introduces an additional non-conservative transport equation for maintaining the
mechanical equilibrium of pressure. Ma et al. [31, 32, 33] extended a double-flux model to the transcritical
regime, which is capable to eliminate spurious pressure oscillations. The comparison between FC and QC
schemes for studying turbulent wall-bounded flows is currently limited in literature.
To date, low-cost computational fluid dynamic (CFD) models (e.g. Reynolds-averaged-Navier-Stokes)
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have not been able to accurately predict the wall heat transfer rates at transcritical and supercritical con-
ditions because of an insufficient description of the near-wall turbulent heat transfer [1]. While efforts have
been made to enable wall-modeled large-eddy simulation (WMLES) capabilities for problems involving wall
heat transfer [34, 35, 36, 37, 38], applications of this cost-efficient tool has so far been limited to ideal-gas
flows. The objective of this work is to investigate the turbulent flows under transcritical conditions using
DNS of turbulent channel flows, and attempt to use DNS to inform low-cost CFD models by examining
commonly employed physical models for variable property fluids.
The remainder of the paper is organized as follows. Mathematical formulation including governing
equations, thermodynamic and transport property evaluation, numerical methods used in this study, and
the details of the computational configurations is presented in Section 2. In Section 3, the DNS results are
presented and the performance of different schemes is assessed. The attached eddy model [39, 40, 41] is then
examined for transcritical flows. The paper finishes with conclusions in Section 4.
2. Mathematical Formulation
2.1. Governing equations
The governing equations for the description of the transcritical flows studied here are the conservation
of mass, momentum, and total energy, which take the following form
∂ρ
∂t
+∇ · (ρu) = 0 , (1a)
∂(ρu)
∂t
+∇ · (ρuu+ pI) = ∇ · τ + f , (1b)
∂(ρE)
∂t
+∇ · [u(ρE + p)] = ∇ · (τ · u)−∇ · q + u · f , (1c)
where ρ is the density, u is the velocity vector, p is the pressure, f is the body force, and E is the specific
total energy. The viscous stress tensor and heat flux are written as
τ = µ
[∇u+ (∇u)T ]− 2
3
µ(∇ · u)I , (2a)
q = −λ∇T , (2b)
where T is the temperature, µ is the dynamic viscosity, and λ is the thermal conductivity. The total energy
is related to the internal energy and the kinetic energy
ρE = ρe+
1
2
ρu · u . (3)
The system is closed with an equation of state (EoS), which is here written in pressure-explicit form as
p = f(ρ, e) , (4)
and this will be discussed in detail in the next subsection.
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2.2. Thermodynamic relations
The Peng-Robinson (PR) cubic equation of state (EoS) [42, 43] is used in this study due to its reasonable
accuracy, computational efficiency, and prevailing usage, which can be written as
p =
RT
v − b −
aα
v2 + 2bv − b2 , (5)
where R is the gas constant, v = 1/ρ is the specific volume, and the parameters aα and b are dependent
on temperature and composition to account for effects of intermolecular forces. The parameters a and b are
evaluated as
a = 0.457236
R2T 2c
pc
, (6a)
b = 0.077796
RTc
pc
, (6b)
α =
[
1 + c
(
1−
√
T
Tc
)]2
, (6c)
where Tc and pc are the critical temperature and pressure and
c = 0.37464 + 1.54226ω − 0.26992ω2 , (7)
where ω is the acentric factor.
For general real fluids, thermodynamic quantities are typically evaluated from the ideal-gas value plus
a departure function that accounts for the deviation from the ideal-gas behavior. The ideal-gas enthalpy,
entropy and specific heat can be evaluated from the commonly used NASA polynomials which have a
reference temperature of 298 K. The specific internal energy can be written as,
e(T, ρ) = eig(T ) +
∫ +∞
v
[
p− T
(
∂p
∂T
)
v
]
dv , (8)
where superscript “ig” indicates the ideal-gas value of the thermodynamic quantity, and Eq. (8) can be
integrated analytically for PR EoS:
e = eig +K1
(
aα− T ∂aα
∂T
)
, (9)
in which K1 is defined as
K1 =
∫ v
+∞
1
v2 + 2bv − b2 dv =
1√
8b
ln
(
v + (1−√2)b
v + (1 +
√
2)b
)
, (10)
and
∂aα
∂T
= −ac
√
α
TTc
. (11)
The specific enthalpy can be evaluated from the thermodynamic relation h = e+ pv, and we have
h = hig −RT +K1
[
aα− T ∂aα
∂T
]
+ pv . (12)
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The specific heat capacity at constant volume is evaluated as
cv =
(
∂e
∂T
)
v
= cigv −K1T
∂2aα
∂T 2
, (13)
and the specific heat capacity at constant pressure is evaluated as
cp =
(
∂h
∂T
)
p
= cigp −R−K1T
∂2aα
∂T 2
− T (∂p/∂T )
2
v
(∂p/∂v)T
, (14)
where
∂2aα
∂T 2
=
ac2
2TTc
+
ac
2
√
α
T 3Tc
, (15)
and (
∂p
∂T
)
v
=
R
v − b −
∂aα/∂T
v2 + 2bv − b2 , (16a)(
∂p
∂v
)
T
= − RT
(v − b)2
1− 2a
[
RT (v + b)
(
v2 + 2bv − b2
v2 − b2
)2]−1 . (16b)
The speed of sound for general real fluids can be evaluated as
c2 =
(
∂p
∂ρ
)
s
=
γ
ρκT
, (17)
where γ is the specific heat ratio and κT is the isothermal compressibility, which is defined as
κT = −1
v
(
∂v
∂p
)
T
. (18)
The molecular transport properties, i.e., the dynamic viscosity and the thermal conductivity are evaluated
using Chung’s high-pressure method for dense fluids [44, 45].
2.3. Numerical schemes
A finite volume approach is utilized for the discretization of the system of equations, Eq. (1)
∂U
∂t
Vcv +
∑
f
(F ef − F vf )Af = S , (19)
where
U =
[
ρ, (ρu)T , ρE
]T
(20)
is the vector of conserved variables, F e is the face-normal Euler flux vector, F v is the face-normal viscous
flux vector which corresponds to the right-hand side (RHS) of Eq. (1), S is the source term vector, Vcv is
the volume of the control volume, and Af is the face area.
A Strang-splitting scheme [46] is applied in this study to separate the convection and diffusion operators.
The convective flux is discretized using a sensor-based hybrid scheme in which a high-order, non-dissipative
scheme is combined with a low-order, dissipative scheme to minimize the numerical dissipation [33, 47]. A
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central scheme which utilizes a fourth-order reconstruction on uniform mesh is used along with a second-
order ENO scheme for the hybrid scheme. A density sensor [33, 26] is adopted in this study. Due to the
large density gradients under transcritical conditions, an entropy-stable flux correction technique [33] is used
to ensure the physical realizability of the numerical solutions and to dampen non-linear instabilities in the
numerical schemes. A strong stability preserving 3rd-order Runge-Kutta (SSP-RK3) scheme [48] is used for
time integration.
For a fully conservative (FC) scheme, the Euler flux of faces of cell i is evaluated as
F e = Fˆ (Uj) for j ∈ Ii , (21)
where Fˆ is the numerical flux, and Ii is the spatial stencil of cell i. The evaluation of numerical flux Fˆ
involves spatial reconstruction and flux calculations. The conservative variables are updated using Eq. (19),
after which the primitive variables are calculated using the updated conservative variables. Thermodynamic
variables are updated using the specified EoS, and specifically the pressure is updated by Eq. (4), which is
generally an iterative process for real-fluid EoSs. However, due to the strong non-linearity inherent in the
real-fluid EoS, it is well known that spurious pressure oscillations will be generated when a FC scheme is
used [24, 28, 33, 27]. Therefore, a quasi-conservative scheme using a double-flux (DF) model [31, 33, 49] is
utilized in this study, and the performance of these two schemes will be assessed. In the DF scheme, the
relation between the pressure and the internal energy is frozen in both space and time, which converts the
local system to an equivalently calorically prefect gas system. This treatment removes not only the spurious
pressure oscillations but also the oscillations in other physical quantities induced by the pressure oscillation.
Only an outline of this method is presented here and the details are developed in Ma et al. [33]. In this
model, an effective specific heat ratio or adiabatic exponent, and an effective reference energy value are used
to relate the pressure and the internal energy, which are defined as
γ∗ =
ρc2
p
, (22a)
e∗0 = e−
pv
γ∗ − 1 . (22b)
The Euler flux for cell i is evaluated as
F e = Fˆ (U∗j ) for j ∈ Ii , (23)
where
U∗ =
[
ρ, (ρu)T , ρE∗
]T
(24)
with
(ρE)∗j =
pj
γ∗i − 1
+ ρje
∗
0,i +
1
2
ρjuj · uj . (25)
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Figure 1: Schematic of the transcritical turbulent channel flow. The top and bottom walls are isothermal walls kept at 300 K
and 100 K, respectively; p0 is the bulk pressure.
After the conservative variables are updated using Eq. (19), the pressure is calculated as
pi = (γ
∗
i − 1)
[
(ρE)i − ρe∗0,i −
1
2
ρiui · ui
]
, (26)
with other thermodynamic quantities updated using the pressure. Finally, after all the RK sub-steps, to
ensure the thermodynamic consistency, the internal energy is updated from the primitive variables using
Eq. (4). Note that the formulation of the relation between energy and pressure described by Eq. (22) ensures
that the characteristic speed of sound of the Euler system of Eq. (1) to be equal to the thermodynamic speed
of sound. The conservation error in total energy was shown to be small and converge to zero with increasing
resolution [33].
2.4. Computational details
The computational domain is schematically illustrated in Fig. 1. The working fluid is nitrogen, whose
critical pressure and critical temperature are pc = 3.40 MPa and Tc = 126.2 K, respectively. The flow is
at a bulk pressure of 3.87 MPa, corresponding to a reduced pressure (pr = p/pc) of 1.14, which is only
slightly higher than the critical pressure. The flow is confined between two isothermal walls, which are kept
at Tw,b = 100 K and Tw,t = 300 K, where T is the temperature, and the subscripts b and t denote ‘bottom’
and ‘top’, respectively. The reduced temperature (Tr = T/Tc) is 0.79 at the bottom cooled wall and 2.38
at the top heated wall. The periodic channel is of size Lx × 2Ly × Lz with Lx/Ly = 2pi, Lz/Ly = 4pi/3
and half-channel height of Ly = 0.09 mm, where x, y and z are the streamwise, wall-normal and spanwise
directions, respectively. The wall-normal coordinate extends from y = −Ly to y = Ly. A constant flow rate
is enforced and the bulk velocity, defined as u˜0 =
∫
ρudV/
∫
ρdV , is 27.3 m/s, where the integration is over
the entire channel, ρ is the fluid density, and u is the streamwise velocity.
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The finite-volume compressible code CharLESx is used in this study. This code has been extensively
used for turbulent flow calculations [26, 50, 51, 52]. Here we only briefly summarize the main features of
the code, and further details can be found in [47], [33], and references therein. The flux reconstruction uses
a central scheme where fourth-order accuracy is obtained on uniform mesh. A sensor-based hybrid central-
ENO scheme is used to capture flows with large density gradients and to minimize the numerical dissipation
while stabilizing the simulation. For regions where the density ratio between the reconstructed face value
and the neighboring cells exceeds 25%, a second-order ENO reconstruction is used on the left- and right-
biased face values, followed by an HLLC Riemann flux computation. An entropy-stable double-flux model,
developed for transcritical flows [33], is employed to prevent spurious pressure oscillations and to ensure
the physical realizability of numerical solutions. A Strang-splitting scheme [46] is employed to separate the
convection operator from the remaining operators of the system. A strong stability preserving third-order
Runge-Kutta scheme [48] is used for time integration. Equation (5) is used as the constitutive equation,
and the molecular transport properties, including the dynamic viscosity and the thermal conductivity, are
evaluated according to Chung’s model for high-pressure fluids [53, 54].
For the present study, a structured grid is used, and the mesh is of size Nx×Ny×Nz = 384× 256× 384,
with uniform grid spacings in the streamwise and spanwise directions. The grid resolutions are ∆x+ = 7.0,
∆y+min = 0.29, ∆y
+
max = 6.7, ∆z
+ = 4.7 based on the wall units at the bottom cooled wall, and ∆x+ = 4.8,
∆y+min = 0.20, ∆y
+
max = 4.6, ∆z
+ = 3.2 based on the wall units at the top hot wall. The friction Reynolds
number Reτ = Lyρwuτ/µw is Reτ,b = 430 and Reτ,t = 300 based on wall units at the bottom and top walls,
respectively. DNS of incompressible channel flows typically require grid resolutions ∆x+ ≈ 10, ∆y+min ≈ 0.5,
∆y+max ≈ 10, ∆z ≈ 10 [55, 56, 57]. We have used a slightly finer grid for the transcritical flow calculation
here following Kawai [20]. Because of the use of a fine grid, the flow is well resolved and the ENO scheme is
active on less than 0.06% of the cell faces. Simulations are advanced in time at a unity CFL number. After
the flow reaches a statistically stationary state, we average across the homogeneous directions and over six
flow-through times to obtain fully converged statistics, where one flow-through is defined as tf = Lx/u˜0.
3. Results and Discussion
3.1. Favre-averaged and Reynolds-averaged quantities
As we consider variable-property fluids, we start our discussion by examining Favre- and Reynolds-
averaged quantities. Figure 2 shows the Favre- and Reynolds-averaged velocity and temperature as a function
of the wall-normal coordinate. Here the Reynolds average of a quantity φ is the conventional ensemble
average, which is denoted as φ, and the Favre average is defined as φ˜ = ρφ/ρ. Since the Favre and
the Reynolds averages differ by φ′ρ′, which equals Corρ′φ′std(ρ′)std(φ′) [58], this similarity can only be a
consequence of Corρ′φ′  1 or std(ρ′)std(φ′) ρφ, where the superscript ′ indicates a fluctuating quantity
and Corρ′φ′ is the correlation between the fluctuations of ρ and φ. Here, φ˜ ≈ φ is because std(ρ′)std(φ′) ρφ,
8
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Figure 2: Favre- and Reynolds-averaged (a) velocity and (b) temperature as a function of the wall-normal coordinate. Tpb is
the pseudo-boiling temperature, where the specific heat capacity peaks. The dashed line is at wall-normal coordinate y = yδ,
where u˜ is at its maximum.
where φ = {u, T}. The streamwise velocity fluctuations and the temperature fluctuations are in fact both
well correlated with the density fluctuations (the correlation Corφ′ρ′ is ≈ 0.9 in the near wall region and is
≈ 0.5 in the bulk region).
Figure 2(a) shows an asymmetric velocity profile, with the momentum boundary layer near the top
heated wall being thinner than that near the bottom cooled wall. The wall-normal height at which u attains
its maximum is defined as yδ, which takes the value of 0.56Ly (see dashed line). The top and bottom wall
boundary layer heights are thus determined by taking the difference between yδ and the y-coordinate of
the two walls. Instead of using yδ, one can also use the height at which u′v′ = 0, which yields essentially
the same wall-normal coordinate. The same asymmetry is found in the temperature profile. Moreover, we
notice that the temperature in the bulk of the channel is fairly close to the pseudo-boiling temperature,
Tpb = 128.7 K.
Next, we examine the thermal properties. Figure 3 shows ensemble-averaged values of density (ρ),
compressibility factor (Z), Mach number (M), dynamic viscosity (µ) and heat conductivity (λ) as a function
of mean temperature T and wall-normal coordinate. Near the top heated wall, the fluid can already be
approximated as ideal gas (Z approaches unity). The density and compressibility change drastically over a
few degrees of Kelvin near the pseudo-boiling temperature Tpb. Because T (y) is close to the pseudo-boiling
temperature Tpb in the bulk region, the wall-normal gradients of these quantities in the bulk region are
comparably moderate. Density, dynamic viscosity and heat conductivity change drastically near the two
walls as a function of the wall-normal distance. Last, the Mach number is everywhere below 0.16, so that
this configuration corresponds to the low-speed flow regime.
In Fig. 3, results using both the FC and DF schemes are shown in solid and dashed lines, respectively.
It can be seen that results with the DF scheme reasonably agrees with the FC scheme. However, noticeable
9
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Figure 3: Ensemble-averaged density (ρ), compressibility factor (Z), Mach number (M), Prandtl number (Pr) and specific
heat capacity (cp) as (a) a function of the normalized mean temperature and (b) a function of the wall-normal coordinate.
Prandtl number and specific heat capacity are normalized by their maximum values, which are 6.93 and 1.12× 104 J/(kg·K),
respectively. Density is normalized by the value at the bottom wall, which is 785 kg/m3. Results from both FC (solid) and
DF (dashed) schemes are shown.
difference can be observed between the results from the two schemes, especially near the top heated wall,
where the temperature is above the pseudo-boiling value. Similar difference was observed in previous studies
on turbulent flat-plate boundary layer calculations when both FC and QC schemes were employed [19]. This
difference can be attributed to the energy conservation error introduced by the DF scheme, even with the
relatively fine grid resolution that the present study adopt.
3.2. Instantaneous flow field
We continue our analysis by examining the instantaneous flow field and discuss statistical results pertain-
ing to the near-wall structure. Figure 4 shows instantaneous isosurfaces of ρ = {60, 100, 200} kg/m3 from
results using the DF scheme. The fluid density is 44 kg/m3 and 785 kg/m3 at the top and bottom walls,
respectively. Figure 4(a)-(c) are at increasing distances from the top heated wall. Footprints of Λ-vortices
can be discerned in Fig. 4(a). Further into the bulk region, at ρ = 100 kg/m3, the near-wall vortices break
down, leading to turbulent spots among comparably quiescent regions [59]. At ρ = 200 kg/m3, the isosurface
becomes highly corrugated, indicating strong mixing. We also note that the density and the velocity in this
particular flow are well-correlated, and there is barely any variation in the coloring of each isosurface.
Figures 5 and 6 shows instantaneous contours of the fluid density, temperature, and streamwise velocity
on a z–y plane. Violent density fluctuations can be seen in Fig. 5, with intrusions of high-density fluid into
fluid of lower density and vice versa. Also, it is apparent from Fig. 6 that the momentum boundary layer is
significantly thinner near the top heated wall. Results for streamwise velocity are compared between FC and
DF schemes in Fig. 6. It can clearly be seen that the spurious oscillations in the velocity field are present
for the FC scheme, which are induced by the spurious pressure oscillations [24, 33]. The region with strong
spurious oscillations is near the top heated wall, which is in consistent with the results from Fig. 3, which
serves as a good example of the dilemma between energy conservation and pressure equilibrium [60, 61].
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Figure 4: Isosurfaces of constant density, colored by streamwise velocity. (a) ρ = 60 kg/m3 (ys/Ly = 0.98), (b) ρ = 100 kg/m3
(ys/Ly = 0.9) and (c) ρ = 200 kg/m3 (ys/Ly = 0.6). The fluid density at top and bottom walls is 44 kg/m3 and 785 kg/m3,
respectively; ys denotes the mean location of the isosurface of density. Results shown are from the DF scheme.
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3.3. Attached eddy model
In this subsection, we consider the attached eddy hypothesis of Townsend [39]. This hypothesis considers
high-Reynolds-number wall-bounded flows as collections of wall-attached, self-similar, space-filling eddies,
whose sizes scale with their distance from the wall. The attached eddy model has been tested extensively,
and has been proven to be quite useful [62, 63, 64, 40]. While there are other statistics that can be deduced
from the attached eddy model, the k−1 spectrum of the streamwise velocity fluctuations as related to the
constant momentum flux region is at the center of the attached eddy formalism [65]. Figure 7 shows the
energy spectrum of u′ near the bottom wall. In this region, both the k−1 law and k−5/3 law survive in the
spectra and the spectra collapse using regular normalizations. A similar behavior cannot be found near the
top wall, and variations in fluid density must be accounted for.
Figures 8 and 9 shows energy spectra of (
√
ρu)′ as a function of the streamwise wave number at several
wall-normal distances from the bottom cooled wall and the top heated wall. The spectra are normalized
with τw, which equals the momentum flux in the inertial range, and the wall-normal distance, which is
nominally the only relevant length scale in the log region. According to Fig. 8, the energy spectra follow the
k−1 scaling across a wide range of scales and decays rapidly at small scales. Interestingly, the k−5/3 spectra
is absent. Although local isotropy is formally only expected at infinite Reynolds numbers, it is still rather
surprising that the −5/3 scaling could not be found here.
Figure 5: Instantaneous contours on an z–y plane for density (ρ0 is the volume-averaged bulk density) (left) and temperature
(the black line indicates T/Tpb = 1) (right) using the DF scheme.
Figure 6: Instantaneous contours on an z–y plane for streamwise velocity using both DF (left) and FC (right) schemes.
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Results in Figs. 7 to 9 are presented for both FC and DF schemes, which qualitatively agree well with
each other. However, it can clearly be seen that due to the spurious pressure oscillations, which contaminate
the velocity field, spikes are present in the high-wavenumber region for the FC scheme. In contrast, the
spectrum calculated from results with the DF scheme show smooth tails at high wavenumbers.
The attached-eddy model admits scaling laws including
u′2 ∼ log(δ/y) , w′2 ∼ log(δ/y) , ∆u′2 = (u′(x)− u′(x+ r))2 ∼ log(r/y) , (27)
where δ is an outer length scale and r is a two-point displacement. All scalings have gained considerable
empirical support from both laboratory experiments and numerical simulations [66, 67, 68, 57]. While the
logarithmic scaling of the variance of the streamwise velocity fluctuations is only observed at high Reynolds
numbers, the scaling of the spanwise velocity fluctuations can be found at moderate Reynolds numbers (in
a region 100 . y+, y/δ . 0.5). Figure 10 shows the streamwise structure functions as functions ∆u′2 as
functions of the two-point distance at sevearl wall-normal locations. A logarithmic behavior is found and
the data collapse as a function of r/y.
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Figure 7: Energy spectra of the streamwise velocity fluctuation u′ as a function of the streamwise wave number at various
wall-normal distances from the bottom cooled wall using both DF (left) and FC (right) schemes.
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Figure 8: Energy spectra of (
√
ρu)′ as a function of the streamwise wavenumber at different wall-normal distances from (a)
the bottom cooled wall and (b) the top heated wall using the DF sheme.
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Figure 9: Energy spectra of (
√
ρu)′ as a function of the streamwise wavenumber at different wall-normal distances from (a)
the bottom cooled wall and (b) the top heated wall using the FC scheme.
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Figure 10: Streamwise structure function ∆u′2/u2τ as functions of the two-point displacement distance. The FC results and
the DF results are shown using solid and dashed lines, respectively.
4. Conclusions
In this work, DNS of a channel flow at transcritical conditions are conducted using both fully (FC)
and quasi-conservative (QC) schemes. A temperature difference of 200 K is considered between the two
isothermal walls for nitrogen at a bulk pressure only slightly higher than the critical pressure. The density
changes by a factor of 18 in the flow field. A grid resolution slightly finer than that typically required for
DNS of incompressible channel flows is adopted in this study. The fluid temperature changes drastically
near the two walls, however, in the bulk region, T ≈ Tpb. As a result of heating, the boundary layer is
thinner near the top heated wall (and at a lower Reynolds number). Comparing the results from both FC
and QC schemes, noticeable difference in the mean values of different thermodynamic quantities is observed
near the top heated wall, which is attributed to the energy conservation error present in the QC scheme.
Spurious oscillations in streamwise velocity calculated by the FC scheme are also observed in this region,
indicating a dilemma between energy conservation and pressure equilibrium. Using the DNS data, we have
14
examined the usefulness of the attached eddy model in the context of turbulence of variable thermodynamic
properties. According to the DNS, the k−1 spectrum survives, but a range of scales within which the flow is
locally isotropic could not be found, at least not near the top heated wall. In addition to the k−1 spectrum,
we have also examined the streamwise structure function. An appreciable extent of the logarithmic range is
found, suggesting that the physical picture proposed by previous studies [39, 40, 41] is still very much valid
for flows at transcritical conditions.
Acknowledgments
Financial support through ARL with award #W911NF-16-2-0170, NASA with award #NNX15AV04A,
and AFOSR with award #1194592-1-TAAHO are gratefully acknowledged. Peter C. Ma would also like to
thank Dr. Daniel T. Banuti and Hao Wu for their help on this paper. Xiang I. A. Yang would like to thank
P. Moin for his support. Resources supporting this work were provided by the NASA High-End Computing
(HEC) Program through the NASA Advanced Supercomputing (NAS) Division at Ames Research Center.
References
[1] Yoo, J. Y., “The turbulent flows of supercritical fluids with heat transfer,” Annu. Rev. Fluid Mech., Vol. 45, 2013,
pp. 495–525.
[2] Brunner, G., “Applications of supercritical fluids,” Annu. Rev. Chem. Biomol. Eng, Vol. 1, 2010, pp. 321–342.
[3] Yang, V., “Modeling of supercritical vaporization, mixing, and combustion processes in liquid-fueled propulsion systems,”
Proc. Combust. Inst., Vol. 28, No. 1, 2000, pp. 925–942.
[4] Oschwald, M., Smith, J., Branam, R., Hussong, J., Schik, A., Chehroudi, B., and Talley, D. G., “Injection of fluids into
supercritical environments,” Combust. Sci. Technol., Vol. 178, No. 1-3, 2006, pp. 49–100.
[5] Mayer, W., Schik, A., Schaffler, M., and Tamura, H., “Injection and mixing processes in high-pressure liquid oxy-
gen/gaseous hydrogen rocket combustors,” J. Propul. Power , Vol. 16, No. 5, 2000, pp. 823–828.
[6] Chehroudi, B., “Recent experimental efforts on high-pressure supercritical injection for liquid rockets and their implica-
tions,” Int. J. Aerosp. Eng., Vol. 2012, 2012, pp. 1–31.
[7] Banuti, D. T., “Crossing the Widom-line–Supercritical pseudo-boiling,” J. Supercrit. Fluids, Vol. 98, 2015, pp. 12–16.
[8] Banuti, D. T., Ma, P. C., Hickey, J.-P., and Ihme, M., “Sub- or supercritical? A flamelet analysis of high pressure rocket
propellant injection,” 52nd AIAA/SAE/ASEE Joint Propulsion Conference, No. 2016–4789, Salt Lake City, UT, 2016.
[9] Banuti, D. T., Raju, M., Ma, P. C., Ihme, M., and Hickey, J.-P., “Seven questions about supercritical fluids–towards a
new fluid state diagram,” 55th AIAA Aerospace Sciences Meeting, No. 2017-1106, Grapevine, TX, 2017.
[10] Raju, M., Banuti, D. T., Ma, P. C., and Ihme, M., “Widom lines in binary mixtures of supercritical fluids,” Sci. Rep.,
Vol. 7, 2017.
[11] Miller, R. S. and Bellan, J., “Direct numerical simulation of a confined three-dimensional gas mixing layer with one
evaporating hydrocarbon-droplet-laden stream,” J. Fluid Mech., Vol. 384, 1999, pp. 293–338.
[12] Miller, R. S., Harstad, K. G., and Bellan, J., “Direct numerical simulations of supercritical fluid mixing layers applied to
heptane–nitrogen,” J. Fluid Mech., Vol. 436, 2001, pp. 1–39.
[13] Okong’o, N. A. and Bellan, J., “Direct numerical simulation of a transitional supercritical binary mixing layer: Heptane
and nitrogen,” J. Fluid Mech., Vol. 464, 2002, pp. 1–34.
[14] Bae, J. H., Yoo, J. Y., and Choi, H., “Direct numerical simulation of turbulent supercritical flows with heat transfer,”
Phys. Fluids., Vol. 17, No. 10, 2005, pp. 105104.
[15] Bae, J. H., Yoo, J. Y., and McEligot, D. M., “Direct numerical simulation of heated CO2 flows at supercritical pressure
in a vertical annulus at Re = 8900,” Phys. Fluids., Vol. 20, No. 5, 2008, pp. 055108.
[16] Nemati, H., Patel, A., Boersma, B. J., and Pecnik, R., “Mean statistics of a heated turbulent pipe flow at supercritical
pressure,” Int. J. Heat Mass Transfer , Vol. 83, 2015, pp. 741–752.
[17] Peeters, J. W., Pecnik, R., Rohde, M., van der Hagen, T., and Boersma, B., “Turbulence attenuation in simultaneously
heated and cooled annular flows at supercritical pressure,” J. Fluid Mech., Vol. 799, 2016, pp. 505–540.
[18] Patel, A., Peeters, J. W., Boersma, B. J., and Pecnik, R., “Semi-local scaling and turbulence modulation in variable
property turbulent channel flows,” Phys. Fluids., Vol. 27, No. 9, 2015, pp. 095101.
[19] Kawai, S., Terashima, H., and Negishi, H., “A robust and accurate numerical method for transcritical turbulent flows at
supercritical pressure with an arbitrary equation of state,” J. Comput. Phys., Vol. 300, 2015, pp. 116–135.
15
[20] Kawai, S., “Direct numerical simulation of transcritical turbulent boundary layers at supercritical pressures with strong
real fluid effects,” 54th AIAA Aerospace Sciences Meeting, 2016, p. 1934.
[21] Kim, K., Hickey, J.-P., and Scalo, C., “Numerical investigation of transcritical-T heat-and-mass-transfer dynamics in
compressible turbulent channel flow,” 55th AIAA Aerospace Sciences Meeting, 2017, p. 1711.
[22] Schmitt, T., Selle, L., Ruiz, A., and Cuenot, B., “Large-eddy simulation of supercritical-pressure round jets,” AIAA J.,
Vol. 48, No. 9, 2010, pp. 2133–2144.
[23] Ruiz, A., Unsteady Numerical Simulations of Transcritical Turbulent Combustion in Liquid Rocket Engines, Ph.D. thesis,
Institut Nationale Polytechnique de Toulouse, 2012.
[24] Terashima, H. and Koshi, M., “Approach for simulating gas–liquid-like flows under supercritical pressures using a high-
order central differencing scheme,” J. Comput. Phys., Vol. 231, No. 20, 2012, pp. 6907–6923.
[25] Matheis, J. and Hickel, S., “Multi-component vapor-liquid equilibrium model for LES and application to ECN Spray A,”
Proceedings of the Summer Program, Center for Turbulence Research, Stanford University, 2016, pp. 25–34.
[26] Hickey, J.-P., Ma, P. C., Ihme, M., and Thakur, S., “Large eddy simulation of shear coaxial rocket injector: Real fluid
effects,” 49th AIAA/ASME/SAE/ASEE Joint Propulsion Conference, No. 2013-4071, San Jose, CA, 2013.
[27] Lacaze, G., Ruiz, A., Schmitt, T., and Oefelein, J. C., “Robust Treatment of Thermodynamic Nonlinearities in the
Simulation of Transcritical Flows,” SIAM 16th International Conference on Numerical Combustion, Orlando, FL, 2017.
[28] Pantano, C., Saurel, R., and Schmitt, T., “An oscillation free shock-capturing method for compressible van der Waals
supercritical fluid flows,” J. Comput. Phys., Vol. 335, 2017, pp. 780–811.
[29] Yang, S., Li, Y., Wang, X., Unnikrishnan, U., Yang, V., and Sun, W., “Comparison of tabulation and correlated dynamic
evaluation of real fluid properties for supercritical mixing,” 53rd AIAA/SAE/ASEE Joint Propulsion Conference, No.
2017-4858, Atlanta, GA, 2017.
[30] Unnikrishnan, U., Wang, X., Yang, S., and Yang, V., “Subgrid scale modeling of the equation of state for turbulent flows
under supercritical conditions,” 53rd AIAA/SAE/ASEE Joint Propulsion Conference, No. 2017-4855, Atlanta, GA, 2017.
[31] Ma, P. C., Bravo, L., and Ihme, M., “Supercritical and transcritical real-fluid mixing in diesel engine applications,”
Proceedings of the Summer Program, Center for Turbulence Research, Stanford University, 2014, pp. 99–108.
[32] Ma, P. C., Banuti, D., Hickey, J.-P., and Ihme, M., “Numerical framework for transcritical real-fluid reacting flow simu-
lations using the flamelet progress variable approach,” 55th AIAA Aerospace Sciences Meeting, Orlando, FL, 2017, pp.
2017–0143.
[33] Ma, P. C., Lv, Y., and Ihme, M., “An entropy-stable hybrid scheme for simulations of transcritical real-fluid flows,” J.
Comput. Phys., Vol. 340, 2017, pp. 330–357.
[34] Kawai, S. and Larsson, J., “Dynamic non-equilibrium wall-modeling for large eddy simulation at high Reynolds numbers,”
Vol. 25, No. 1, 2013, pp. 015105.
[35] Yang, X. I. A., Urzay, J., and Moin, P., “Heat-transfer rates in equilibrium-wall-modeled LES of supersonic turbulent
flows,” Annual Research Briefs, Center for Turbulence Research, Stanford University, 2016, pp. 3–15.
[36] Ma, P. C., Ewan, T., Jainski, C., Lu, L., Dreizler, A., Sick, V., and Ihme, M., “Development and analysis of wall models
for internal combustion engine simulations using high-speed micro-PIV measurements,” Flow Turb. Combust., Vol. 98,
No. 1, 2017, pp. 283–309.
[37] Ma, P. C., Wu, H., Ihme, M., and Hickey, J.-P., “A flamelet model with heat-loss effects for predicting wall-heat transfer
in rocket engines,” 53rd AIAA/SAE/ASEE Joint Propulsion Conference, No. 2017-4856, Atlanta, GA, 2017.
[38] Ma, P. C., Greene, M., Sick, V., and Ihme, M., “Non-equilibrium wall-modeling for internal combustion engine simulations
with wall heat transfer,” Int. J. Engine Res., Vol. 18, No. 1-2, 2017, pp. 15–25.
[39] Townsend, A. A., The Structure of Turbulent Shear Flow , Cambridge University Press, 1980.
[40] Woodcock, J. D. and Marusic, I., “The statistical behaviour of attached eddies,” Vol. 27, No. 1, 2015, pp. 015104.
[41] Yang, X. I. A., Marusic, I., and Meneveau, C., “Hierarchical random additive process and logarithmic scaling of generalized
high order, two-point correlations in turbulent boundary layer flow,” Vol. 1, No. 2, 2016, pp. 024402.
[42] Poling, B. E., Prausnitz, J. M., and O’Connell, J. P., The Properties of Gases and Liquids, McGraw-Hill New York, 2001.
[43] Peng, D.-Y. and Robinson, D. B., “A new two-constant equation of state,” Ind. Eng. Chem. Res., Vol. 15, No. 1, 1976,
pp. 59–64.
[44] Chung, T. H., Lee, L. L., and Starling, K. E., “Applications of kinetic gas theories and multiparameter correlation for
prediction of dilute gas viscosity and thermal conductivity,” Ind. Eng. Chem. Res., Vol. 23, No. 1, 1984, pp. 8–13.
[45] Chung, T. H., Ajlan, M., Lee, L. L., and Starling, K. E., “Generalized multiparameter correlation for nonpolar and polar
fluid transport properties,” Ind. Eng. Chem. Res., Vol. 27, No. 4, 1988, pp. 671–679.
[46] Strang, G., “On the construction and comparison of difference schemes,” SIAM J. Num. Anal., Vol. 5, No. 3, 1968,
pp. 506–517.
[47] Khalighi, Y., Nichols, J. W., Lele, S., Ham, F., and Moin, P., “Unstructured large eddy simulation for prediction of
noise issued from turbulent jets in various configurations,” 17th AIAA/CEAS Aeroacoustics Conference, No. 2011-2886,
Portland, OR, 2011.
[48] Gottlieb, S., Shu, C.-W., and Tadmor, E., “Strong stability-preserving high-order time discretization methods,” SIAM
Rev., Vol. 43, No. 1, 2001, pp. 89–112.
[49] Ma, P. C., Lv, Y., and Ihme, M., “Numerical methods to prevent pressure oscillations in transcritical flows,” Annual
Research Briefs, Center for Turbulence Research, Stanford University, 2017, pp. 223–234.
[50] Larsson, J., Laurence, S., Bermejo-Moreno, I., Bodart, J., Karl, S., and Vicquelin, R., “Incipient thermal choking and
stable shock-train formation in the heat-release region of a scramjet combustor. Part II: Large eddy simulations,” Combust.
Flame, Vol. 162, No. 4, 2015, pp. 907–920.
[51] Wu, H., Ma, P. C., Lv, Y., and Ihme, M., “MVP-Workshop Contribution: Modeling of Volvo bluff body flame experiment,”
16
55th AIAA Aerospace Sciences Meeting, Grapevine, TX, 2017, AIAA Paper 2017-1573.
[52] Lv, Y., Ma, P. C., and Ihme, M., “On underresolved simulations of compressible turbulence using an entropy-bounded
DG method: solution stabilization, scheme optimization, and benchmark against a finite-volume solver,” Comput. Fluids,
2017.
[53] Chung, T. H., Lee, L. L., and Starling, K. E., “Applications of kinetic gas theories and multiparameter correlation for
prediction of dilute gas viscosity and thermal conductivity,” Ind. Eng. Chem. Res., Vol. 23, No. 1, 1984, pp. 8–13.
[54] Chung, T. H., Ajlan, M., Lee, L. L., and Starling, K. E., “Generalized multiparameter correlation for nonpolar and polar
fluid transport properties,” Ind. Eng. Chem. Res., Vol. 27, No. 4, 1988, pp. 671–679.
[55] Moser, R. D., Kim, J., and Mansour, N. N., “Direct numerical simulation of turbulent channel flow up to Reτ = 590,”
Vol. 11, No. 4, 1999, pp. 943–945.
[56] Lozano-Dura´n, A. and Jime´nez, J., “Effect of the computational domain on direct simulations of turbulent channels up
to Reτ = 4200,” Vol. 26, No. 1, 2014, pp. 011702.
[57] Lee, M. and Moser, R. D., “Direct numerical simulation of turbulent channel flow up to Reτ ≈ 5200,” Vol. 774, 2015,
pp. 395–415.
[58] Smits, A. J. and Dussauge, J.-P., Turbulent Shear Layers in Supersonic Flow , Springer, 2nd ed., 2006.
[59] Wu, X., Moin, P., Wallace, J. M., Skarda, J., Lozano-Dura´n, A., and Hickey, J.-P., “Transitional–turbulent spots and
turbulent–turbulent spots in boundary layers,” Proc. Natl. Acad. Sci. U.S.A., 2017, pp. 201704671.
[60] Karni, S., “Multicomponent flow calculations by a consistent primitive algorithm,” J. Comput. Phys., Vol. 112, No. 1,
1994, pp. 31–43.
[61] Abgrall, R., “How to prevent pressure oscillations in multicomponent flow calculations: A Quasi Conservative Approach,”
J. Comput. Phys., Vol. 125, No. 1, 1996, pp. 150–160.
[62] Meneveau, C. and Marusic, I., “Generalized logarithmic law for high-order moments in turbulent boundary layers,”
Vol. 719, 2013.
[63] Yang, X. I. A., Meneveau, C., Marusic, I., and Biferale, L., “Extended self-similarity in moment-generating-functions in
wall-bounded turbulence at high Reynolds number,” Vol. 1, No. 4, 2016, pp. 044405.
[64] Yang, X. I. A., Marusic, I., and Meneveau, C., “Moment generating functions and scaling laws in the inertial layer of
turbulent wall-bounded flows,” Vol. 791, 2016, pp. R2.
[65] Nickels, T. B., Marusic, I., Hafez, S., and Chong, M. S., “Evidence of the k−1 law in a high-Reynolds-number turbulent
boundary layer,” Vol. 95, No. 7, 2005, pp. 074501.
[66] de Silva, C. M., Marusic, I., Woodcock, J. D., and Meneveau, C., “Scaling of second-and higher-order structure functions
in turbulent boundary layers,” Vol. 769, 2015, pp. 654–686.
[67] Stevens, R. J. A. M., Wilczek, M., and Meneveau, C., “Large-eddy simulation study of the logarithmic law for second-and
higher-order moments in turbulent wall-bounded flow,” Vol. 757, 2014, pp. 888–907.
[68] Hultmark, M., Vallikivi, M., Bailey, S. C. C., and Smits, A. J., “Turbulent pipe flow at extreme Reynolds numbers,”
Vol. 108, No. 9, 2012, pp. 094501.
17
